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Abstract: We discuss a deformation of the Hopf algebra of supersymmetry (SUSY) transfor- 
mations based on the special choice of twist. As usual, algebra itself remains unchanged, but the 
comultiplication changes. This leads to the deformed Leibniz rule for SUSY transformations. 
Superfields are elements of the algebra of functions of the usual supercoordinates. Elements 
of this algebra are multiplied by using the ^-product which is noncommutative, hermitian and 
finite when expanded in power series of the deformation parameter. Chiral fields are no longer a 
subalgebra of the algebra of superfields. One possible deformation of the Wess-Zumino action is 
proposed and analyzed in detail. Differently from most of the literature concerning this subject, 
we work in Minkowski space-time. 
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1. Introduction 

It is well known that Quantum Field Theory (QFT) encounters problems at very high energies 
and very short distances. This suggests that the structure of space-time has to be modified at 
these scales. One possibility to modify the structure of space-time is to deform the usual com- 
mutation relations between coordinates; this gives a noncommutative (NC) space QTJ] . Different 
models of noncommutativity were discussed in the literature. One of the simplest examples is 
the ^-deformed or canonically deformed space-time [§] with 

[x m ,x n ] =id mn . (1.1) 

Here 9 mn is a constant antisymmetric matrix. Gauge theories were defined and analyzed in details 
in this framework || . Also, a deformed Standard Model was formulated @] and renormalizability 
properties of field theories on this space are subject of many papers ||. 

More complicated deformations of space-time, such as K-deformation || and g-deformation 
[0] were also discussed in the literature. 

In order to understand the physics at very small scales better, in recent years attempts were 
made to combine supersymmetry with noncommutativity. In |J the authors combine SUSY with 
the K-deformation of space-time, while in |9| SUSY is combined with the canonical deformation 
of space-time. In series of papers [ID|, [IT|, \T2\ a version of non(anti)commutative superspace 



is defined and analyzed. The anticommutation relations between the fermionic coordinates are 
modified in the following way 

{0° * 9 13 } = C a(3 , * 9 } = {9 a *h} = 0, (1-2) 



where C al3 = C^ a is a complex, constant symmetric matrix. Such deformation is well defined 
only in Euclidean space where undotted and dotted spinors are not related by the usual complex 
conjugation. Note that the chiral coordinates y m = x m + %9a m 9 commute in this setting. 



In [11] the notion of chirality is preserved, i.e. the deformed product of two chiral superfields 
is again a chiral superfield. On the other hand, one half of N = 1 supersymmetry is broken and 
this is the so-called N = 1/2 supersymmetry. Another type of deformation is introduced in ||12|| . 
There the product of two chiral superfields is not a chiral superfield but the model is invariant 
under the full supersymmetry. The Hopf algebra of SUSY transformations is deformed by using 
the twist approach in Examples of deformation that introduce nontrivial commutation 



relations between chiral and fermionic coordinates are discussed in ||14|| . Some consequences of 



nontrivial (anti) commutation relations on statistics and S-matrix are analyzed in . 

In this paper we apply a twist to deform the Hopf algebra of SUSY transformations. However, 
our choice of the twist is different from that in fl3| since we want to work in Minkowski space- 



time. As undotted and dotted spinors are related by the usual complex conjugation, we obtain 

rt^} = ^, {9&*9 $ } = c 6l$ , r;y = o, (i.3) 

with C & a = (Cap)*. Our main goal is the formulation and analysis of the deformed Wess-Zumino 
Lagrangian. 

The paper is organized as follows: In section 2 we review the undeformed supersymmetric 
theory to establish the notation and then rewrite it by using the language of Hopf algebras. 
We follow the notation of |TjJ. By twisting the Hopf algebra of SUSY transformations, a Hopf 



algebra of deformed SUSY transformations is obtained in section 3. As the algebra itself re- 
mains undeformed, the full N = 1 SUSY is preserved. On the other hand, the comultiplication 
changes and that leads to a deformed Leibniz rule. As a consequence of the twist, a ^-product is 
introduced on the algebra of functions of supercoordinates. Sections 4 and 5 are devoted to the 
construction of a deformed Wess-Zumino Lagrangian. Since our choice of the twist implies that 
the ^-product of chiral superfields is not a chiral superfield we have to use (anti)chiral projectors 
to project irreducible components of such ^-products. In the section 6 the auxiliary fields are 
integrated out and the expansion in the deformation parameter of the "on-shell" action is given. 
Some consequences of applying the twist on the Poincare invariance are discussed in the section 
7. Two examples of how to apply the deformed Leibniz rule when transforming ^-products of 
fields are given. Finally, we end the paper with some short comments and conclusions. 



2. Undeformed SUSY transformations 

The undeformed superspace is generated by x, 9 and 9 coordinates which fulfill 

[ x m }X n ] = [x m ,6 a ] = [x m ,9 a ] = o, 

{9<*,9?} = {9 a ,9 $ } = {9 a ,9 a } = 0, (2.1) 

with m = 0, . . . 3 and a,/3 = 1,2. These coordinates we call the supercoordinates, to x m 
we refer as to bosonic and to 9 a and 9 a we refer as to fermionic coordinates. Also, x 2 = 
x m x m = —(x ) 2 + (x 1 ) 2 + (x 2 ) 2 + (x 3 ) 2 , that is we work in Minkowski space-time with the metric 
(-,+,+,+). 



Every function of the supercoordinates can be expanded in power series in 9 and 9. Super- 
fields form a subalgebra of the algebra of functions on the superspace. For a general superfield 
F(x, 9, 9) the expansion in 9 and 9 reads 

F(x, 9, 9) =f(x) + 9<f>(x) + 9x(x) + 99m(x) + 99n(x) + 9a m 9v m 

+999\(x) + 999<p(x) + 9999d(x). (2.2) 

All higher powers of 9 and 9 vanish since these coordinates are Grassmanian. 

Under the infinitesimal SUSY transformations a general superfield transforms as 

^F = (£Q + £Q)F, (2.3) 

where £ and £ are constant anticommuting parameters and Q and Q are SUSY generators 

Q a = d a -ia m a J"d mi (2.4) 
Q & = 8 & - i9 a a m a ^d m . (2.5) 

Using the expansion ( |2.2j ) one can calculate the transformation law of the component fields 

W Co,, • C,V''- (2.6) 
Stf* = 2£ a m + a m ah l\v m + i{d m f)), (2.7) 
5a & = 2Cn + a m « a U - v m + i(d m f)), (2.8) 

S^m = £ d A d + l -L° m " a {d m K), (2.9) 

5^n = £°<p a + l -t a * m a& (d m x% (2.10) 

= -i(d m <l>a)^CT% + 2£ a \a + ia m a$ ^(dmXa) + 2^*, (2.11) 

<^A d = 2£ d d + ^ da £a(cM + ^V^p(cL^), (2.12) 

<^ Q = 2£ a d + ^' Qd r (^n) - V^a™^^), (2-13) 

5 5 d = ^V m QQ (5 m r) - l -(d m ip a )a m a J\ (2.14) 
Transformations (|2.3|) close in the algebra 

[6t,6r,] = -2i{r]a m i-ia m fi)d m . (2.15) 
We next consider the product of two superfields defined as 

F ■ G = ii{F <g> G}, (2.16) 

where the bilinear map \x maps the tensor product to the space of functions. The transformation 
law of the product (|2.16| ) is given by 

8 6 {F-G) = {tQ + tQ)(F-G), 

= {5 i F)-G + F-{5 i G). (2.17) 

The first line tells us that the product of two superfields is a superfield again. The second line 
is the usual Leibniz rule. 

All these properties we sumarise in the language of Hopf algebras [0], which will be useful 
when we introduce a deformation of the superspace. The Hopf algebra of undeformed SUSY 
transformations is given by 



• algebra 

fa, 5 V ] = -2i( w m £ - £a m fj)d m , [d n , d n ] = [d m , 5d = 0. 

• coproduct 

A(^) = 8$ ® 1 + 1 ® <5 6 Ad m = <9 m <g> 1 + 1 ® <9 m . (2.18) 

• counit and ant ip ode 

e(^) = e(9 m ) = 0, S , (^) = -<J € , S(d m ) = -d m . (2.19) 

In the language of generators Q a and Q« this Hopf algebra reads 

• algebra 

{Qa, Q, 3 } = {Qa, Qp} = 0, {Qa, Q p} = 2ia m ^d m , 

[9m, $J = Qa] = [d m , Qa] = 0. (2.20) 



coproduct 



AQ Q = Q Q ®1 + 1®Q Q , AQa = Q a ®l + l®Q a , 

Ad m = d m ®l + l®d m . (2.21) 



counit and ant ip ode 



e{Qa) = e{Qa) = e{d m ) = 0, 

S(Q a ) = -Qa, S(Q a ) = -Q a , S(d m ) = -d m . (2.22) 



3. Twisted SUSY transformations 



As in 1 17] we introduce the deformed SUSY transformations by twisting the usual Hopf algebra 



( 12.181) . For the twist JF we choose 



with C a/3 = C^ a a complex constant matrix. Note that C a ^ and C al3 are related by the usual 
complex conjugation. It was shown in pBl that ( |3.1| ) satisfies all the requirements for a twist 
]. The twisted Hopf algebra of SUSY transformation now reads 



algebra 



{Qa, Qp] = {Qa, Q p } = 0, {Q a , Qp} = 2ia m ap d m , 

[d m ,d n ] = [d m ,d a ] = [d m , dfi] = [d m ,Qa] = [d m ,Qa] = 0, 

{d a , dp] = {d a , dfi} = {d a , d^ = {d a , Q p } = {d a , QP} = 0, (3.2) 
{d a , Q"} = -io m a ^d m , {d a , Q a } = -ia m aa d m . 



• coproduct 

= F(Qa ® 1 + 1 ® Qa)^ 
= Q a ® 1 + 1 ® Q a 

A^(Od) = <5a ® 1 + 1 ® (3.3) 

+ ^C Q/3 (<CA ® + d a ® cr%0 m ) , 
A<9 m = d m ® 1 + 1 ® d m , 

Ad a = d Q ® 1 + 1 ®9 a , A<9 d = <9 d ® 1 + 1 ® <9 d . 

• counit and ant ip ode 

= e(Q d ) = e(0 ro ) = e(9«) = e(<9 d ) = 0, 

S(Qa) = ~Qai Si^Qa) = —Q a , 

S(d m ) = -d m , S(d a ) = -d a , S(<9 d ) = (3.4) 

Note that only the coproduct is changed, while the algebra stays the same as in the undeformed 
case. This means that the full supersymmetry is preserved. Also note that in order for the co- 
multiplication for Q a and Q a to close in the algebra, we had to enlarge the algebra by introducing 
the fermionic derivatives d a and d a . 



The inverse of the twist (|3~T 



defines a new product on the algebra of functions of supercoordinates called the ^-product. For 
two arbitrary superfields F and G the ^-product is defined as follows 

F *G = /i*{F® G} 

= ii{F~ l F®G} 

= F ■ G - l -{-l)\ F \C^{d a F) ■ (dpG) - -(-l^C^F^G) 
-ho^Cn^d^F) ■ (dpdsG) - ^C-fi.^d^F){d^G) 
-\c^C.^dad"F)(d^G) 
+l(-l)\ F \C a ^ s C &$ (d a d J d^F)(dpd 5 d^G) 

^{-i)\ F \c aP c^c^{dad^F){d p d p d'G) 
+lf aP c^c. p c.^dad 1 d^F){d p d 6 d^d i G), (3.7) 

where \F\ = 1 if F is odd (fermionic) and \F\ = if F is even (bosonic). In the second line the 
definition of the multiplication //* is given. No higher powers of C alS and G^h appear since the 



derivatives d a and d a are Grassmanian. Expansion of the ★-product ( |3.7| ) ends after the 4th order 
in the deformation parameter. This is different from the case of the Moyal-Weyl * mw -product 
[0], POj where the expansion in powers of the deformation parameter leads to an infinite power 
series. One should also note that the ^-product (|3.7| ) is hermitian, 



(F-kG)* = G* * F*, (3.8) 

where * denotes the usual complex conjugation. This is important for the construction of physical 
models. 

The ^-product ( |3.7| ) gives 

{0 a 1 9?} = {h 1 e $ } = C &$ , {6 a * h} = o, 

[ x m * x n ] = o, [ x m * e a ] = o, [x m * e & ] = o. (3.9) 

Note that the chiral coordinates y m do not commute in this setting, but instead fulfill 

[y m * y n ) = -eeC^e p .(a mn )\ - 66e af3 C^(a mn )° , 

[y m 1 r] = iC °0 <T ™.eP, [y m * h] = ie a a m a f^. (3.10) 

Relations ( p.9|) enable us to define the deformed superspace or "nonanticommutative space". 
It is generated by the usual bosonic and fermionic coordinates ( [2.1|) while the deformation is 
contained in the new product ( |3.7|) . 

The deformed infinitesimal SUSY transformation is defined in the following way 

= X$ Q *F + X$ Q *F. (3.11) 
Differential operators X£q and Xi are given by 

= r (Q a + lc h a™^d m W) , (3.12) 

x h = ^{Q & + ^c aP (d a Q & )d p ) 

= ta(Q & -~C af) a m ^d m de). (3.13) 
Note that X* operators close in the following algebra 

{X* Qa * X* Q0 } = {X* Qa t X^} = 0, {X* Qa 1X^} = 2ia m a& d m . (3.14) 



This is just a different way of writing the algebra (|3.2|) . Differential operators X* are mentioned in 
PHI , however no detailed analysis is preformed. In [2lJ the authors discuss the Supersymmetric 



Quantum Mechanics with odd-parameters being Clifford-valued and the operators similar to 
( jnp and (|3~lp arise. 

The deformed coproduct ( |3.3|) insures that the ^-product of two superfields is again a super- 
field. Its transformation law is given by 

8l(F*G) = {£Q + lQ){F*G), (3.15) 
= ^{A^)F®G)}, 



with 

Af(5*) = t(5\ ® 1 + 1 ® Sf)?- 1 

= q ® i + 1 ® 5| + ^ (e v^d m ® ^ + ® 

This gives 

S*(F *G) = (6*F) *G + F* (S*G) 

+ l C <*P(c<j%(d m F) * (fyG) + (0 a F) *£V^(SmG)) (3.16) 

4. Chiral fields 

Having established the general properties of the introduced deformation we now turn to one 
special example, namely we study chiral fields. In the undeformed theory chiral fields form a 
subalgebra of the algebra of superfields. In the deformed case this will no longer be the case. 

A chiral field $ fulfills = 0, where /)„ = — 8^ — i6 a a m adl d rn is the supercovariant 

derivative. In terms of component fields the chiral superfield $ is given by 

$(x, 0, 0) = A(x) + V29 a ip a (x) + 66H{x) + i6a l 6(diA(x)) 

-^=99(d m r(x))a m a J" + l -eeee{UA{x)). (41) 



Under the infinitesimal SUSY transformations ( |2.3|) component fields transform as follows [|T(| 



S^A = v^, (4.2) 

S^ a = tV2a m a& r(d m A) + V2t a H, (4.3) 

5 ( H = iV2£a m (d m iP). (4.4) 

The ^-product of two chiral fields reads 

$ * $ = A 2 - ^-H 2 + ho^C^a m a y ^{dmAmA) + ho 2 C 2 {UA) 2 
+9 a (2V2ip a A - ^C^C & Pe ia {d m r)v m y pMA)) 
-^=C 2 6aa m « a (d m ij a )H + 66 (2 AH - ^) 

+00 ( - ^(HDA - i(9 ra ^ m a ! (^))) 
+ido m d({d m A 2 ) + -^C^G^a 1 ^{UA^dtA)) 

+1V2666 '^ m6ia (d m (ip a A)) + ^0000(DA 2 ), (4.5) 

where C 2 = C aP C^e^£p S and C 2 = C^C^e^e^. One sees that due to the and the 00 terms 

LoT) is not a chiral field. However, in order to write an action invariant under the deformed 



SUSY transformations ( |3.11| ) we need to preserve the notion of chirality. This can be done in 
different ways. One possibility is to use a different ^-product, the one which preserves chirality 
[O]. However, chirality-preserving ^-product implies working in Euclidean space where 9 ^ {6)*. 
Since we want to work in Minkowski space-time we use the ^-product ( p.7[ ) and decompose 
★-products of superfields into their irreducible components by using the projectors defined in 

& 

The chiral, antichiral and transversal projectors are defined as follows 

1 D 2 D 2 , . 

Pl = 16—' ^ 
1 D 2 D 2 , . 

P > = 16—' (47) 

1 DD 2 D , . 

Pr = - g — . (4.8) 

In order to calculate irreducible components of the ^-products of chiral superfields, we first apply 
the projectors (|4.6|)-( P~8D to the superfield F (|2.2|). From the definition of the supercovariant 
derivatives 

D a = 8 a + ia m a J & d m , (4.9) 
Da = -d a - i6 a a m aa d m , (4.10) 

follows 

D 2 = D a D a = -e a/3 d a d p + 2ie a/3 a™ $ 6 $ d a d m - 66D, (4.11) 
D 2 = D a D« = e^B a Bp + 2i6 a a m aa e^dpd m - 66U. (4.12) 
Let us start with P 2 and calculate first 

D 2 F = -4m - 26 a (2X* + ta m " Q (d m <j) a )^ + Ai0<T l 9(dim) 

-ee(4d + Df -2i{d m v m )^j 

-666 a (2ia m a a{dnX) + (□&,)) - 6666(Dm). (4.13) 

Then we have 

D 2 D 2 F = 4(4d + □/ - 2*(«9 m t; m )) + 8^(2z< d (a m A d ) + (□</>«) 



+1600(Dm) + 4iea l 6[4did + d t Df - 2z(9 m 9^ m ) 
+400^^20^ + ^ mAa (9 m D0 o 

+6666(4Dd + n 2 f -2iDd m v m ). (4.14) 



This gives 

1 D 2 D 2 „ 

P 2 F = F 

16 □ 



+66m + tfa'flQ - ^(d m v m ) + \f) (4.15) 



+ 



m& (-j=\ a + ^f maa (9M) + fe66[d - -(d m v m ) + -nf). 



The superfield ( [4.15| ) is a chiral field with the components 

scalar: A=^(d- % -{d m v m ) + !□/) , (4.16) 

spinor: ^ = ^^(cU") + ^=0 Q , (4.17) 
auxiliary field: Ti. — m. (4-18) 

In general, some of these component fields will be nonlocal due to 1/D in the definition of the 
projector P 2 . 

A calculation analogous to the previous one leads to 

1 D 2 D 2 

P 1 F = F 

16 □ 

= ^(d+ \{d m v m ) + \uf) + V2h(-^a m ^{d mVa ) + ±=t) 

+66n - lO^m + ^(d m v m ) + 1/) (4.19) 

—ee^i^pa - ^ m a «{d m t)) + \eeee{d+ l -(d m v m ) + in/), 

which is an antichiral field with the components 

scalar: A= ^{d + l -(d m v m ) + -Of), (4.20) 

spinor: V = ^^ maa (^a) + ^X a , (4.21) 

auxiliary field: Ti. — n. (4.22) 

For the completeness we give the action of the transversal projector P? on the superfield 
( |2.2| ). It follows from the identity 

P T = I-P l - P 2 . (4.23) 

By using (|4.15|) and (|4.19| ) we obtain 



PtF = 1/ - id + e a (Kj> a - l ^a m a( ,d m y 

- i^r^d^) + 6a m e(v m - ^d m div l 



+-eeee(2d- -□/). (4.24) 



4 v 2 

5. Deformed Wess-Zumino Lagrangian 

In the undeformed theory, Wess-Zumino Lagrangian is given by 



_$ . $ 

2 



3 



c.c. , (5.1) 



where m and A are real constants, $ is a chiral field and $ + is an antichiral field with ($ + ) + = 
This Lagrangian leads to the SUSY invariant action which describes an interacting theory of two 



complex scalar fields and one spinor field. To see this explicitly we look at each term separately. 
This analysis is well known but we repeat it nevertheless to prepare for the analysis of the 
deformed Wess-Zumino Lagrangian. 

The kinetic term is given by the highest component of the product $ + ■ $: 



A* DA + i(d m il))a m i) + H*H. 



(5.2) 



Since $ + ■ $ is a superfield, its highest component has to transform as a total derivative, (|2.14j ). 

Next we look at the mass term. It is given by the 99 component of $•$ and the 99 component 
of $+ ■ $+: 



III / — — 

— [2AH - ^ + 2A*H* - ipip 



(5.3) 



As the pointwise product of two chiral/antichiral fields is a chiral/antichiral field, its 
component transforms as a total derivative ( f4.4|) . Note that this is not the case with the general 
superfield ( |2.9| ). Also note that the highest components of $ ■ $ and $ + • $ + transform as total 
derivatives. However, these terms are total derivatives themselves ( [4.1| ) and will not contribute 
to the equations of motion. 

The same arguments apply for the interaction term, since $ • $ • $ is a chiral field again and 
$+ . $+ . cp+ is an antichiral field. The interaction term reads 



A 



+ $+.$+.$- 



(HA 2 - Aipip + H*{A*f - A*i/;ip\ 



(5.4) 



Thus, we see that chirality plays an important role in the construction of a SUSY invariant 
action. 

We are interested in a deformation of ( |5.1| ) which is consistent with the deformed SUSY 
transformations ( |3.11| ) and which in the limit C af3 — *> gives the undeformed Lagrangian ( |5.1| ). 
We propose the following Lagrangian 



/ 777 

+ (-P 2 ($*$) 



+ ^p 2 ($*p 2 ($*$)) 



+ c.c 



(5.5) 



where m and A are real constants. Let us analyse ( |5.5| ) term by term again. 

Kinetic term in ( |5.5| ) is a straightforward deformation of the usual kinetic term obtained 
by inserting the ^-product instead the usual pointwise multiplication. Due to the deformed 
coproduct (|3~3|), $ + *$ is a superfield and its highest component transforms as a total derivative. 
The explicit calculation gives 



8% ( $ + * $ 



A*DA + i(d m %l))a m %l) + H*H, 
1 



(5.6) 



n 



(A m {dnlf) - (diA*)i/; a )(a l a m )£ + —H^a m ^j^ 



{a™a l fp{¥{diA) - {drfP)A) + —a maa H*^ a ). (5.7) 



To obtain ( |5.6|) , the partial integration was used. We see from (|5.6| ) that the deformation is 
absent, the kinetic term remains undeformed 1 . 



1 In the case of the Moyal-Weyl ★-product we have J d 4 x /* mw g — J d 4 x g-k mv , f — J d 4 x / ■ g. Therefore, the 
free actions for scalar and spinor fields remain undeformed automatically. 



Since is not a chiral field we have to project its chiral part. This projection is given by 

P 2 ($ * $) = A 2 - ^-H 2 + ^C 2 C 2 (DA) 2 

+^C^C^a m a ^ l ^((d m A)(d l A) + ^d m (mmA)) 



+99 2AH - ipip 



+i9a k 9d k 



A* _ 9l H i + J_c 2 C 2 (BA) 2 
8 256 V ; 



+^C^C^aZ^ l p$ ((d m A)(d l A) + ^d m ((nA)(diA)) 
+iV2666 & a M «d k U a A - \c* ] e ia {d m ^)a m ,a l ^A) 



1 

+ 4 



□ 



A i-9l H 2 + —c 2 c 2 (nA) 2 

8 256 V ; 



For the action we take the 99 component of (JST 

P 2 ($*$) 

Its transformation law is given by 

5*(p 2 ($*$) 



+ l_ C ^C^a m a y^((d m A)(d l A) + ^d m ((aA)(diA)) 



2AH - ipip. 



2iV2£a m d m (A^)). 



In a similar way we add the 99 component of Pi($ + * $ + ). This component is given by 



(5.8) 



(5.9) 



(5.10) 



P!($ + *<r 



2A*H - ifnl>, 



(5.11) 



which is just the complex conjugate of ( |5.9| ) due to the hermiticity of the ^-product (|3.7[). Again, 
no deformation is present: the free action remains undeformed. That leads to the propagators 
which are the same as in the undeformed theory. 

Finally we come to the interaction term. There are few possibilities to project the chiral 
part of $ * $ * We take the following projection 2 



-> P 2 ($* (P 2 ($*$)) 



(5.12) 



As the complete result is very long we write here only the 99 component 



P 2 $*(P 2 ($*$)) 



3(A 2 H - (iW>)A) 
1 



C' 2 



H 3 + —C 2 C 2 H(DA) 2 
256 V ; 



, _C aP C^a^a l ^H[{d m A) {d l A) + ^d ni (( DA ) ( ,:U ) ) 



2 Naively, one would take P 2 (^*^*^)\ sg . Despite the fact that P 2 ($*3>*3>) is a chiral field, its 60 component 
does not transform as a total derivative and would not lead to a SUSY invariant action. This strange situation 
arises because of the !/□ term in the projector P 2 . 



+±cnPC*H *tfi h {a m p)<T%{d l A) 



=.lm\P c ^a 



(5.13) 



\d m A)d i 



/~i2 

A 2 - —H 2 



+L C ^C^a\ a a^H((d s A)(d p A) + ld s ((DA)(d p A)) 

In the limit C alS — > (|5.13|) reduces to the usual interaction term ( |5.4|) . The deformation is 
present trough the terms that are of first, second and higher orders in C af3 and C & a. Note that 
under the integral the last term reduces to a total derivative and therefore will not contribute 
to the equations of motion. Also note that if we calculate P 2 ^(P 2 ( < I ) *$))*$) instead of ( |5.12|) 
the only difference will be in the sign of the above-mentioned last term. We therefore conclude 
that we can take any combination of these two terms, as long as the limit C al3 — *> reproduces 
the undeformed interaction term. For simplicity we take only (|5.13|) . 
The transformation law of ( |5.13|) is given by 



<S*(P 2 ($*(P 2 ($*$)) 

iV2^a l&a d t (^C^C^a m ^a n ^ a ^d m {d n AUA) + local terms) . (5.14) 

The SUSY transformation is a total derivative and reduces to a surface term under the integral, 
leading to a SUSY invariant interaction term. However, one should be careful as (|5.14 ) contains 
a non-local term. Under the integral it is proportional to 



J d 4 x a^d^^d^dnADA) 
a l ^ a (^ a ^d m {d n AUA)). 



If the boundary surface E; is at infinity and fields fall off fast enough this integral vanishes. 
To rewrite ( |5.13 ) in a more compact way we introduce the following notation 



Cap 



Kabi^^aP, 



J aP — ^ab\ ou )ct$i 

where K ab = —K ba is an antisymmetric complex constant matrix. Then we have 



a 1 



2K ab K ab , C 2 = 2K* ab K* ab , K ab K t 



ab 



0. 



IS* IS ( ^n-^.cd-m „ab\ P 

K cd K ab [o a a a ) 



-45^K ma K* n a + 8K ma K* nb {a ba ] 



P 

a 1 



£ja.p ^jaP 



° *« G pp 



am ts* I 



lK am K. 



a 



(5.15) 
(5.16) 



(5.17) 
(5.18) 
(5.19) 



By using the previous expressions the term (|5.13|) can be rewritten in the form 



P 2 $*(P 2 ($*$)) 



3{A 2 H - {^)A) - -K ab K ab H 3 

+ ^-K ab K ab K* cd K* cd H{UA) 2 
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+^K m t K* nl H [{d m A){d n A) + ^d m {{UA){d n A)) 



(5.20) 



K^K^id^) - 2K m a K*\{d n ^)o ca ^ ) (d m A). 



Finally, the deformed SUSY invariant Lagrangian is given by 

eeee 

X 
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V Zs 66 o \ 

A*DA + i(d m i))a m i) + H*H 
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H^d m ([d n A)UA) +H*^d m {(O n A )DA 



X 
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K ah K ab K* cd K* cd {H{UAf + H*(UA)*\ 



(5.21) 



where the partial integration was used to rewrite some of the terms in (|5.21|) in a more compact 
way. 



6. Equations of motion 



By varying the action which follows from the Lagrangian Q5.21 ) with respect to the fields H and 
H* we obtain the equations of motion 



0. 



H* + mA + XA 2 - -K ab K ab R 2 + ^R^K^^A^A) 
4 6 

+ ^K^^dUidnA^A) + ^K ab K ab K* cd K: d (DA) 2 

H + mA* + X(A*) 2 - -K* cd K*{H*) 2 + -K m ,K* nl (d m A*)(d n A*) 

4 ' 6 

+ ^-K m l K* nl -^-d m ({d n A*)nA*) + -^-K ab K ab K* cd K: d (DA*) 2 = 



0. 



(6.1) 



(6.2) 



Unlike the undeformed theory, equations ( |6.1|) and (|6.2| ) are nonlinear in H and H*. Nevertheless, 
they can be solved perturbatively. The solutions are given by 

H* = -mA - XA 2 + ^K ab K ab (mA* + X(A*) 2 ) 2 

A K m iK *nl {dmA)idnA) _ ^ K ™ K *nl}_ dm ^ dnA)nA) 



X 



K ab K ab K* cd K* d (DA) 



*cd i 



192 



+ ^K ab K ab (mA* + X(A*) 2 ) ^K^K™ 1 {d m A*){d n A*) 
2 lb 



(6.3) 



+ ^K m l K* nl ^d m {{d n A*)nA*) + ^K* cd K* cd {mA + XA 2 ) 2 j + 0{K 6 ), 

H = -mA* - AM*) 2 + ^K* cd K*(mA + \A 2 ) 2 - -K m ,K* nl {d m A*){d n A*) 

4 6 

-^K^K^^dUidnA^DA*) - ^K ab K ab K* cd K: d (DA*) 2 

+ ^K* cd K* cd (mA + \A 2 ) \^K m l K* nl (d m A)(d n A) (6.4) 
2 lb 

+^K m l K* nl ^d m {{d n A)DA) + ^K ab K ab (mA* + A(A*) 2 ) 2 ] + 0(K 6 ). 

These solutions can be used to eliminate the auxiliary fields H and H* from the Lagrangian 
(|5.21|) . This gives 

C = Co + C 2 + U + 0(K 6 ) , (6.5) 



with 



_ 777 _ _ 

C = A*DA + i(d m 4>)a m ij - \A*iH> - XAiW - — (ipip + i/>ij>) 

-m 2 A*A - mXA(A*) 2 - m\A*A 2 - X 2 A 2 (A*) 2 , (6.6) 
C 2 = ^K m l K* nl (m(d m A) + 2XA(d m A)^{{d n A*)DA*) 

+ ^K m l K* nl (m(d m A*) + 2XA*(d m A*)^((d n A)DA) 

\ 3 \ 3 

+—K ab K ab (mA* + A(A*) 2 ) + —K* cd K* cd (mA + AA 2 ) 
—K^K^^mA + XA 2 ){d m A*){d n A*) + (mA* + X(A*) 2 )(d m A)(d n A)^ 

— (K^K^id^) -2K m a K*\(d n i>)a b y)(d m A) 

— (K^K^id^) -2K m a K*\$a ah (d n $))(d m A*), (6.7) 



U = -^K m l K* nl K ab K ah (mA* + A(A*) 2 ) (d m A*)(d n A*) 
+^K m l K* nl K* cd K* cd (mA + XA 2 )\d m A){d n A) 
X K ab K ab K* mn K* mn {mA + XA 2 )(DA*) 2 
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A K ab K ab K* mn K* mn (mA* + X(A*) 2 )(DA) 2 



-A.K ab K ab K* cd K* cd (mA + XA 2 ^ (mA* + A(A*) 2 ) 2 

_>^ K m iK *nl KP 1> K * qb ^9 nA *) ( 5n A*)) ^d p {[d q A)UA 

—^K m l K* nl K pb K*\ ({d m A) (d n A)j ^d p ((d q A*)OA* 



— —K^K^K^KabimA* + X(A*) 2 ) (m(d m A*) + 2XA*{d m A*)) - ({d n A*)UA 
-^K^K^K^K^mA + XA 2 ) (m(d m A) + 2XA{d m A)) ^ ((d n A)DA 
~^K m l K* nl K p b K* qb ^d m ((d n A)nAj ^d p ({d g A*)DA* 



-^K m l K* nl K\K^\d m A){d n A){d p A*){d q A*). (6.8) 
7. Deformed Poincare invariance 



Before commenting on the Lagrangian ( |6.5| ) we shall analyze the consequences of the twist 
J]) on Poincare symmetry. As in the case of the ^-deformed space, the sub (Hopf) algebra of 



translations remains undeformed |22| . Therefore we concentrate on the Lorentz transformations 
and first review some well known facts and formulas. 

Under the infinitesimal Lorentz transformations the coordinates of the superspace transform 
as follows 

b^x m = u m n x n , (7.1) 

SJ a = ^""Vmn) A, (7.2) 

5j* = u mn (a mn f/, (7.3) 

where u mn = —uo nm are constant antisymmetric parameters. 

The superfield F ( |2.2| ) is a scalar under the Lorentz transformations 

F>(x',6',6') = F(x,6,6), (7.4) 



or 



6 W F = F'(x,0,0)-F(x,e, 
= ^u mn L mn F(x,9,9) 



\uj mn {x m d n - x n d m - (a mn e) aP (e a dP + 9 f3 d a ) 



-(ea mn ) &$ (9 A dP + ^<9 d )jF(x, 6, 9). (7.5) 

To calculate the last line in ( |7.5| ) we used (|7. 1|) , ( [7T2] ) and (|7.3|). Note that we use the same 
notation for transformations of coordinates and for variation of fields. The meaning should be 
clear from the context. Using the generators L mn we can rewrite ([7. 1[) , ( |7.2| ) and ( |7.3| ) in the 
following way 

^x m = u m n x n = -lu rs L rs x m , (7.6) 
<L#a = u mn (cr mn )J > 9j3 = —-u mn L mn 9 a , (7.7) 
5 J* = u mn {a mn )%¥ = -\uj mn L mn r. (7.8) 



Also, 



5J a = -cu mn (a mn )^ = - l -u mn L m J a . (7.9) 
The Hopf algebra of the undeformed infinitesimal Lorentz transformations is given by 

[Su, <M = 

A (5a,) = 5 U <g> 1 + 1 ® 5 U , 

e{S u ) = 0, S(6 U ) = -S u . (7.10) 



In terms of the generator L mn the coproduct reads 



A(L mn ) = L mn <g> 1 + 1 <g> L mn . (7.11) 



The twist T (ft.l|) , when applied to (|7.10| ), gives the Hopf algebra of the deformed Lorentz 
transformations 



\U/,U)' 1 



[<L, 6 u i] = 5[ t 
A^(<L) = r(s u ® 1 + 1 ® sjjj^ 1 



= S u <g> 1 + 1 <g> <L 

£ (<L) = 0, 5(<J U ) = -<L- (7.12) 

The result for the deformed coproduct is the result to all orders, as all higher order terms 
cancel since transformations (|7.5[) are linear in coordinates. The algebra is unchanged, but the 
comultiplication, leading to the deformed Leibniz rule, changes. Form (|7.12|) one can see that 



the comultiplication for the deformed Lorentz transformations does not close in the algebra of 
Lorentz transformations, but in the bigger algebra with derivatives included. Therefore, we 
cannot speak about the deformed Lorentz symmetry but instead we have to work with the 
deformed Poincare symmetry. 

Now we give two examples for the application of the deformed Leibniz rule. 

• The ^-product of two Grassmanian coordinates should transform as in the undeformed case 

1 



- , ,mn j (not 
<J L, m n\y 

l -u mn {a mn e) l5 {eW s + 9 s d^)(9 a 9 13 + X -C afi ) 



^9 p + (a mn )^9J^. (7.13) 



In the second line the ^-product is expanded and the definition of L mn given in ( |7.5|) is 
used. Using the deformed coproduct on the other hand gives 

s u (o a * e p ) = (5j a ) *ee + e a * (5jP) 

~C>>°u; mn ((d p 6 a )*(a mn e) aj (di 



+ ((r mn e) py (d^e a ) * (cU 
-cu mn ([a mn )^6p + (a mn )^9 a 9^ . (7.14) 



Comparing the results (|7.13 ) and ( |7.14j ) we see that due to the deformed coproduct 9 a * 9 13 
transforms as in the undeformed case. This type of calculation can also be done for *- 
products of 9 coordinates with the same conclusions. 



When the ^-product of two chiral fields $1 and $2 is expanded, the term C^ipia^p 
appears. This term has to transform as a scalar field under the deformed Poncare trans- 
formations, since it comes from $! * $ 2 which is a scalar field (using the deformed Leibniz 
rule of course). 

Naively we have 



^ \uj mn L mn {C a ^ la ^ w ), (7.15) 



with L mn defined in fl7.5|) . The equality sign in the last line can be achieved by transforming 
the fields ipx a and ip%p not as spinor fields (as it was done in (|7.15|) ) but as scalar fields. 
The reason for this is that indices a and (3 are contracted with indices on C af3 . Namely, 
the twist JF ( |3.1|) is a globally defined object p3 |. Therefore, under the transformations 



( |7.2|) and ( |7.3|) the derivatives d and d appearing in T transform in the following way 

Sujda = <L<9d = 0. (7.16) 

Also, C af3 and C af3 (being complex constants) do not transform. Therefore, all indices 
contracted with C af3 and C af3 should be understood as scalar (non-transforming) indices. 

To convince ourselves that this is the right way of thinking let us rewrite C a ^ipi a ip2p by 
using the ^-product and then use the deformed Leibniz rule to transform it 

<L(C a/ Vi a <M = -2(J w (0 a Vi«*0^) -6 u ((.e a * 9 a )^p). (7.17) 

Note that ipi * ip 2 /3 — ^1^2/3 ■ Also note that 5 W in this example is the variation of a field 
as in ( |7.5| ). Therefore 

Let us calculate the transformation of the first term in (|7.17| ) 

= l -u mn L mn (e a i) la * • (7.18) 

We conclude that 6 a ipi a * 8^1^213 is a scalar field. Calculation similar to this shows that 
(9 a * 9 a )ipi^2i3 is also a scalar field. Thus, we have demonstrated that C a/3 i/;i a i/)2/3 really 
transforms scalar field. 



8. Conclusions and outlook 



The Lagrangian (|6.5|) is the final result of this paper. By construction this Lagrangian is covariant 
under the deformed SUSY transformations ( |3.11|) and leads to a deformed SUSY invariant action. 



Note that it is the deformed Leibniz rule which enables this construction. No new fields appear in 
the action, the deformation is present only trough some new interaction terms. The deformation 
parameter plays the role of a coupling constant and in the limit C —>■ the undeformed theory 
is obtained. If this leads to some new physics remains to be understood by further analysis of 
our model. 

At the moment we are interested in the renormalization properties of ( |6.5|) , first of all in the 
cancellation of the quadratic divergences. Let us comment that it is possible to choose a specific 
type of deformation, such that it leads to K ab K ab = K* ab K* b = 0. This choice takes the H 3 
term in ( |5.21|) to zero and simplifies calculations drastically. More important, renormalization 



properties of our model might turn out to be better with this choice. 

One should analyze microcausality of our theory since a non-local interaction term appears 
in the action. Also, the construction of gauge theories on this deformed superspace is planed for 
future research. 

Concerning different types of deformation, we also analyzed a model with T = e^ " D <*® D 
which leads to the deformation discussed in [|l^] . Comments on this work are planed for the next 
publication. 
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